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Abstract 

Particle aspects of two-dimensional conformal field theories are investigated, using 
methods from algebraic quantum field theory. The results include asymptotic com- 
pleteness in terms of (counterparts of) Wigner particles in any vacuum representation 
and the existence of (counterparts of) infraparticles in any charged irreducible product 
representation of a given chiral conformal field theory. Moreover, an interesting inter- 
play between the infraparticle's direction of motion and the superselection structure is 
demonstrated in a large class of examples. This phenomenon resembles the electron's 
momentum superselection expected in quantum electrodynamics. 

1 Introduction 

Particle aspects and superselection structure of quantum electrodynamics are plagued by 
the infrared problem, which has been a subject of study in mathematical physics for more 
than four decades [6-8, 10, 16, 18, 19, 21-24, 28-30, 33, 34, 39-42, 44, 46, 48]. The origin of this 
difficulty, inherited from classical electrodynamics, is the emission of photons which accom- 
panies any change of the electron's momentum. It has two important consequences which 
are closely related: Firstly the electron is not a particle in the sense of Wigner [50], but 
rather an infraparticle [46] i.e. it does not have a precise mass. Secondly, the electron's plane 
wave configurations of different momenta cannot be superposed into normalizable wavepack- 
ets. In fact, such configurations have different spacelike asymptotic flux of the electric field, 
which imposes a superselection rule [7]. The evidence for this phenomenon of the electron's 
momentum superselection comes from two sources: On the one hand, it appears in models 
of non-relativistic QED in the representation structure of the asymptotic electromagnetic 
field algebra [18]. On the other hand, it is suggested by structural results in the general 
framework of algebraic quantum field theory [7,8, 16,41,42]. However, no examples of local, 
relativistic theories, describing infraparticles with superselected momentum, have been given 
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to date. Thus the logical consistency of this property with the basic postulates of quantum 
field theory remains to be settled. As a step in this direction, we demonstrate in the present 
paper that a simple variant of this phenomenon - superselection of direction of motion - 
occurs in a large class of two-dimensional conformal field theories. 

Conformal field theory has been a subject of intensive research over the last two decades, 
both from physical and mathematical viewpoints, motivated, in particular, by the search 
for non-trivial quantum field theories. (See e.g. [3] and references therein). It exhibits 
particularly interesting properties in two dimensions, where the symmetry group is infinite 
dimensional. Since the seminal work of Buchholz, Mack and Todorov [15] the superselection 
structure of these theories has been investigated [31] and deep classification results have been 
obtained [36,37]. It has remained unnoticed, however, that two-dimensional conformal field 
theories have also a rich and interesting particle structure: The concepts of Wigner particles 
and infraparticles have their natural counterparts in this setting and both types of excitations 
appear in abundance: Any chiral conformal field theory in a vacuum representation has a 
complete particle interpretation in terms of Wigner particles. Although such theories are 
non-interacting, their (Grosse-Lechner) deformations [14] exhibit non-trivial scattering and 
inherit the property of asymptotic completeness as we show in a companion paper [25] . It is 
verified in the present work that any charged irreducible product representation of a chiral 
conformal field theory admits infraparticles. In a large class of examples these infraparticles 
have superselected direction of motion i.e. their plane wave configurations with opposite 
directions of momentum cannot be superposed. Thus subtle particle phenomena, which are 
not under control in physical spacetime, can be investigated in these two-dimensional models. 

To keep our analysis general, we rely on the setting of algebraic QFT [32]. We base our 
discussion on the concept of a local net of C* -algebras on IR 2 , defined precisely in Subsec- 
tion 2.1: To any open, bounded region O C I 2 we attach a C*-algebra 21(0), acting on a 
Hilbert space % of physical states. This algebra is generated by observables which can be 
measured with an experimental device localized in 0. It is contained in the quasilocal algebra 
21, which is the inductive limit of the net — > 21(0). Moreover, there acts a unitary repre- 
sentation of translations M 2 3 x — > U(x) on %, whose adjoint action a x ( ■ ) = U(x) ■ U(x)* 
shifts the observables in spacetime. The infinitesimal generators of U are interpreted as 
the Hamiltonian H and the momentum operator P. Their joint spectrum is contained in 
the closed forward lightcone V+, to ensure the positivity of energy. If there exists a cyclic, 
unit vector Q, £ H which is the unique (up to a phase) joint eigenvector of H and P with 
eigenvalue zero, then we say that the theory is in a vacuum representation. If each of the 
subspaces %± = ker(H^fP) includes some vectors orthogonal to then we say that the the- 
ory contains Wigner particles. Since we do not assume that these particles are described by 
vectors in some irreducible representation space of the Poincare group, the present definition 
is less restrictive than the conventional one. However, it is better suited for a description of 
the dispersionless kinematics of two-dimensional massless excitations. In particular, it allows 
us to apply the natural scattering theory, developed by Buchholz in [5], which we outline 
in Subsection 2.2 below. We recall that in [5] these excitations are called 'waves', to stress 
their composite character. 

Due to this compound structure of Wigner particles (or 'waves'), asymptotic complete- 
ness in a vacuum representation is not in conflict with the existence of charged representa- 
tions with a non-trivial particle content. However, in charged representations of massless 
two-dimensional theories Wigner particles may be absent, as noticed in [12]. In this case 
scattering theory from [5] does not apply and an appropriate framework for the analysis of 
particle aspects is the theory of particle weights [10,16,23,24,35,41,42,47], developed by 
Buchholz, Porrmann and Stein, which we revisit in Subsections 2.3 and 2.4. This theory is 
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based on the concept of the asymptotic functional, given by 

aT(C) = hm J dx (*|a (tiSB) (C)*), (1.1) 

for any vector G % of bounded energy, and suitable observables C 6 21. (In general, 
some time averaging and restriction to a subnet may be needed before taking the limit). We 
remark for future reference that this functional induces a sesquilinear form on a certain 
left ideal of 21. We show in Theorem 2.11 below, that asymptotic functionals are non-zero 
in theories of Wigner particles. If non-trivial asymptotic functionals arise in the absence 
of Wigner particles, then we say that the theory describes infraparticles 1 . Using standard 
decomposition theory, the GNS representation it induced by the sesquilinear form ip^ can 
be decomposed into a direct integral of irreducible representations 

7r — /" (1-2) 
Jx 

where (X, djj) is a Borel space and ~ denotes unitary equivalence [42,49]. Results from [2,47] 
suggest that the measurable field of irreducible representations {irg }g e x carries information 
about all the (infra-)particle types appearing in the theory. In particular, there exists a 
field of vectors { qg }gi=x which can be interpreted as the energy and momentum of plane 
wave configurations {ipg}g^x of the respective (infra-)particles [42]. The sesquilinear forms 
{V^l^eX) called pure particle weights, induce the representations {n^g^x an d satisfy 

= / d»(0^. (1.3) 
Jx 

The existence of such a decomposition was shown, under certain technical restrictions, in 
[41,42]. 

The theory of particle weights is sufficiently general to accommodate the phenomenon of 
the infraparticle's momentum superselection, discussed above: In this case qg ^ q^i should 
imply that ir^ is not unitarily equivalent to ir^i for almost all labels £, £' corresponding to the 
infraparticle in question. Superselection of direction of motion is a milder property: It only 
requires that plane waves travelling in opposite directions, give rise to representations 

7T£,7T£' which are not unitarily equivalent. This latter interplay between the infraparticle's 
kinematics and the superselection structure occurs in some two-dimensional conformal field 
theories, as we explain below. We state this property precisely in Definitions 2.7 and 2.12, 
where we restrict attention to representations ir of (Murray- von Neumann) type I with atomic 
center. This is sufficient for our purposes and allows us to separate our central concept from 
ambiguities involved in the general decompositions (1.2), (1.3). 

Our discussion of conformal field theory relies on the notion of a local net of von Neumann 
algebras on R which we introduce in Subsection 3.1. (Such nets arise e.g. by restricting the 
familiar Mobius covariant nets on the circle to the real line) . With any open bounded region 
Iclwe associate a von Neumann algebra A(T), acting on a Hilbert space /C, and denote 
the quasilocal algebra of this net by A. Moreover, the Hilbert space JC carries a unitary 
representation of translations R 3 s — > V(s), whose spectrum coincides with R + . If there 
exists a cyclic, unit vector Qq £ /C, which is the unique (up to a phase) non-zero vector 

The conventional definition of infraparticles requires that both "H+ and W- contain at most multiples 
of the vacuum vector. Our (less restrictive) definition imposes this requirement on one of these subspaces 
only. Thus theories containing 'waves' running to the right but no 'waves' running to the left (or vice versa) 
describe infraparticles according to our terminology. Such nomenclature turns out to be more convenient in 
the context of two-dimensional, massless theories. 
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invariant under the action of V . then we say that the theory is in a vacuum representation. 
Given such a net, covariant under the action of some internal symmetry group, one can 
proceed to the fixed-point subnet which has a non-trivial superselection structure. In the 
simple case, considered in Subsection 3.4, the action of 7L,2 is implemented by a unitary 
W / I on K, s.t. W 2 = I. The fixed-point subnet A cv consists of all the elements of A, 
which commute with W. The subspace JC CV = ker(W — I) (resp. /C dd = ker(IT + /)) is 
invariant under the action of „4 CV and gives rise to a vacuum representation (resp. a charged 
representation) of the fixed-point theory. 

Given two nets of von Neumann algebras on the real line, A\ and A2, acting on Hilbert 
spaces /Ci and IC2, one obtains the two-dimensional chiral net 21, acting on % = K,\ by 
the standard construction, recalled in Subsection 3.1: The two real lines are identified with 
the lightlines in R 2 and for any double cone O =1x2 one sets 2 2l(Zx3) = Ai(l) <g> A2(3) ■ If 
the nets A±, A2 are in vacuum representations, with the vacuum vectors fii G K\, 2 G /C2, 
then 21 is also in a vacuum representation, with the vacuum vector = Q± (g> Cl2- in spite 
of their simple tensor product structure, chiral nets play a prominent role in conformal field 
theory. In fact, with any local conformal net on R 2 one can associate a chiral subnet by 
restricting the theory to the lightlines. In the important case of central charge c < 1 these 
subnets were instrumental for the classification results, mentioned above, which clarified the 
superselection structure of a large class of models [36,43]. As we show in the present work, 
chiral nets also offer a promising starting point for the analysis of particle aspects of conformal 
field theories: Any chiral net in a vacuum representation is an asymptotically complete 
theory of Wigner particles. Moreover, any charged irreducible product representation of 
such a net contains infraparticles. With this information at hand, we exhibit examples of 
infraparticles with superselected direction of motion. This construction is summarized briefly 
in the remaining part of this Introduction. 

Let us consider two fixed-point nets A\ tCV , A2,cv, obtained from A\ and A2 with the 
help of the unitaries W\ and W2, implementing the respective actions of Z2. The resulting 
chiral net 2l ev acts on the Hilbert space Ti = K,\ K.2, which decomposes into four invariant 
subspaces with different particle structure: 

n = (/Ci, ev /C 2 ,ev) (/Ci, odd ® /C 2 ,ev) ® (^l,cv ® /C 2 ,odd) ® (^l,odd ® £ 2 ,odd)- (1-4) 

2l ev restricted to := K,\ fiv ® K-2,ev is a chiral theory in a vacuum representation. Thus 
it is an asymptotically complete theory of Wigner particles, by the result mentioned above. 
"Hr := /Ci )Q dd ^2,cv contains 'waves' travelling to the right, but no 'waves' travelling to 
the left. In %l : = ^i,cv ® ^2,odd the opposite situation occurs. Thus 2t ev restricted to 
or "Hl describes infraparticles, according to our terminology. Finally, 2l cv restricted 
to IhL := /Ci i0 dd <£> ^2,odd is a theory of infraparticles which does not contain 'waves'. In 
Theorem 3.10 below, which is our main result, we establish superselection of direction of 
motion for infraparticles described by the net 21 = 2t e v|-^- The argument proceeds as follows: 
2l cv is contained in 21, which is an asymptotically complete theory of Wigner particles. Thus 
we can use the scattering theory from [5] to compute the asymptotic functionals (1.1) and 
obtain the decompositions (1.2) of their GNS representations. Interpreted as a state on 21, 
any vector ^i®*$>2 & 7~L consists of two 'waves' at asymptotic times: ^\®Vt2 travelling to the 
right and $7i0^ / 2 travelling to the left. (Cf. Theorem 3.3 below). However, these two vectors 
belong to different invariant subspaces of 2l ev , namely to %r and The corresponding 
representations of 21 are not unitarily equivalent, since they have different structure of the 
energy-momentum spectrum. 

2 In the main part of the paper 21(1 x Z) denotes a suitable weakly dense 'regular subalgebra' of _4i (I) (g) 
^2(3)- This distinction is not essential for the present introductory discussion. 
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Our paper is organized as follows: Section 2, which does not rely on conformal symme- 
try, concerns two-dimensional, massless quantum field theories and their particle aspects: 
Preliminary Subsection 2.1 introduces the main concepts. In Subsection 2.2 we recall the 
scattering theory of two-dimensional, massless Wigner particles developed in [5]. Subsec- 
tion 2.3 gives a brief exposition of the theory of particle weights and introduces our main 
concept: superselection of direction of motion. Subsection 2.4 presents our main technical 
result, stated in Theorem 2.11, which clarifies the structure of asymptotic functionals in 
theories of Wigner particles. Its proof is given in Appendix A. In Section 3 we apply the 
concepts and tools presented in Section 2 to chiral conformal field theories. Our setting, 
which is slightly more general than the usual framework of conformal field theory, is pre- 
sented in Subsection 3.1. In Subsection 3.2 we show that any chiral theory in a vacuum 
representation has a complete particle interpretation in terms of Wigner particles. In Sub- 
section 3.3 we demonstrate that charged irreducible product representations of any chiral 
theory describe infraparticles. Subsection 3.4 presents our main result, that is superselection 
of the infraparticle's direction of motion in chiral theories arising from fixed-point nets of 
Z2 actions. Proofs of some auxiliary lemmas are postponed to Appendix B. In Section 4 we 
summarize our work and discuss future directions. 

2 Particle aspects of two-dimensional massless theories 
2.1 Preliminaries 

In this section, which does not rely on conformal symmetry, we present some general results 
on particle aspects of massless quantum field theories in two-dimensional spacetime. We rely 
on the following variant of the Haag-Kastler axioms [32]: 

Definition 2.1. A local net of C* -algebras on M? is a pair (21, U) consisting of a map — > 
21(0) from the family of open, bounded regions ofM 2 to the family of C* -algebras on a Hilbert 
space Ti, and a strongly continuous unitary representation of translations I 2 3i4 U(x) 
acting on %, which are subject to the following conditions: 

1. (isotony) If O x C 2 , then 2l(0i) C 2l(0 2 ). 

2. (locality) If 0\ _L O2, then [2l(0i), 21(02)] = 0, where _L denotes spacelike separation. 

3. (covariance) U(x)$l(0)U(x)* = 21(0 + x) for any i£l 2 . 

4- (positivity of energy) The spectrum of U is contained in the closed forward light- 
cone V + := { (u,p) G M 2 I uj > \p\ }. 

5. (regularity) The group of translation automorphisms a x (-) = U(x) ■ U(x)* satisfies 
lim-j^o Il a a;( j 4) — -^|| = for any A 6 21. 

We also introduce the quasilocal C* -algebra of this net 21 = UocR 2 ^iP)- 

For any given net (21, U) there exists exactly one unitary representation of translations 
U can s.t. JJ can implements a, all the operators C/ can (x), x G M. 2 are contained in 21", the 
spectrum of [7 can is contained in V + and has Lorentz invariant lower boundary upon re- 
striction to any subspace of % invariant under the action of 21" [4]. We assume that this 
canonical representation of translations has been selected above, i.e. U = f/ can . We denote 
by (H,P) the corresponding energy-momentum operators i.e. U(x) = e lHt - tPx ; x = (t,x). 
As we are interested in scattering of massless particles, we introduce the single-particle 
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subspaces H± := kev(H =F P) and denote the corresponding projections by P±. The inter- 
section % + Pi T-L- contains only translationally invariant vectors. If Ti + 7^ Ti + Pi Ti- and 
T-L- 7^ H+ Pi Ti- then we say that the theory describes Wigner particles. If U has a unique 
(up to a phase) invariant unit vector Q £ Ti and Q is cyclic under the action of 21 then we 
say that the net (21, U) is in a vacuum representation. In this case 21 acts irreducibly on Ti. 
(Cf. Theorem 4.6 of [1]). Scattering theory for Wigner particles in a vacuum representation, 
developed in [5], will be recalled in Subsection 2.2. 

In the absence of Wigner particles we will apply the theory of particle weights [10, 16,41, 
42], outlined in Subsection 2.3, to extract the (infra-)particle content of a given theory. In this 
context it is necessary to consider various representations of the net (21, U) . A representation 
of the net (21, U) is, by definition, a family of representations {ttq} of local algebras which 
are consistent in the sense that if 0\ C O2 then it holds that tto 2 \<21(Oi) = ^Ox- Since 
the family of open bounded regions in IR 2 is directed, this representation uniquely extends 
to a representation ir of the quasilocal C*-algebra 21. Conversely, a representation of 21 
induces a consistent family of representations of local algebras. In the following ir may 
refer to a representation of 21 or a family of representations. We say that a representation 
7r : 21 — > B(% 1T ) is covariant, if there exists a strongly continuous group of unitaries U w on 
H-ft} s.t. 

n(a x (A)) = U n (x)Tr(A)U n (x)*, A e 21, x G IR 2 . (2.1) 

Moreover, we say that this representation has positive energy, if the joint spectrum of the 
generators of U n is contained in V+ + q for some q G IR 2 . We denote the corresponding 
canonical representation of translations by U^ n and note that (vr(2l), C/£ an ) is again a local 
net of C*-algebras in the sense of Definition 2.1. We say that the net (vr(21), U^ n ) is in a 
charged irreducible representation, if 7r(2l) acts irreducibly on a non-trivial Hilbert space 
which does not contain non-zero invariant vectors of C/^ an . 

We call two representations {1^1,%^) and (tt2, / H 7 v 2 ) of (21, U) unitarily equivalent, (in 
short (■JTi,'H iri ) ~ (7r2)%r 2 ))> if there exists a unitary W : H 7ri — > s.t. 

WTn(A) = tt 2 (A)W, Ae 21. (2.2) 

If 7Ti is a covariant, positive energy representation then so is TT2 and it is easy to see that 

WU™ n (x) = U™ n (x)W, x £ IR 2 . (2.3) 

Remark 2.2. We note that our (non-standard) Definition 2.1 of the local net neither imposes 
the Poincare covariance nor the existence of the vacuum vector. Thus it applies both to 
vacuum representations and charged representations, which facilitates our discussion. Apart 
from the physically motivated assumptions, we adopt the regularity property 5, which can 
always be assured at the cost of proceeding to a weakly dense subnet. This property seems 
indispensable in the general theory of particle weights [41] e.g. in the proof of Proposition 2.10 
stated below. For consistency of the presentation, we proceed to regular subnets also in our 
discussion of conformal field theories in Section 3. We stress, however, that this property is 
not needed there at the technical level. 

2.2 Scattering states 

Scattering theory for Wigner particles in a vacuum representation of a two-dimensional 
massless theory (21, U) was developed in [5]. For the reader's convenience we recall here the 
main steps of this construction. Following [5], for any F G 21 and T > 1 we introduce the 
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approximants: 

F±(hr) = J h T (t)F(t,±t)dt, (2.4) 

where F(x) := a x (F), h T {t) = \T\- £ h{\T\~ £ {t - T)), < e < 1 and h £ Cg°(M) is a 
non-negative function s.t. f dth(t) = 1. By applying the mean ergodic theorem, one obtains 

lim F±{h T )Q. = P±F£l. (2.5) 

Moreover, for F G 21(0) and sufficiently large T the operator F + (hx) (resp. F-(hr)) 
commutes with any observable localized in the left (resp. right) component of the spacelike 
complement of O. Exploiting these two facts, the following result was established in [5]: 

Proposition 2.3 ( [5]). Let F,G G 21. Then the limits 

$out/pN . = s . lim F±(hr) (2.6) 

T^oo 

exist and are called the (outgoing) asymptotic fields. They depend only on the respective 
vectors <3?5_ ut (F)r2 = P±FQ and satisfy: 

(a) $° ut (F)H+ C H+, $° ut (G)^_ C H-. 

(b) a x (^\F)) = ^\a x (F)), a x (<S>™\G)) = <5>™\a x (G)) for xeR 2 . 

(c) [<£»° ut (F),$° ut (G)] = 0. 

The incoming asymptotic fields <&™(F) are constructed analogously, by taking the limit T — > 
— oo. 

With the help of the asymptotic fields one defines the scattering states as follows: Since 21 
acts irreducibly on ~H, for any ^± G Ti± we can find F± G 21 s.t. ty± = F±Q [45]. The 
vectors 

tf + °x ^_ = $° ut (F + )$° ut (F_)Sl (2.7) 
are called the (outgoing) scattering states. By Proposition 2.3 they do not depend on the 

in 

choice of F± within the above restrictions. The incoming scattering states ty+ x are 
defined analogously. The physical interpretation of these vectors, as two independent excita- 
tions travelling in opposite directions at asymptotic times, relies on the following proposition 
from [5]: 

Proposition 2.4 ( [5]). Let *±,*' ± G TL±. Then: 

out , out 

(a) (*+ x x ¥'_) = 

out out 

(b) U(x)(^ + x #_) = (U(x)V+) x (U(x)V-), forx£ R 2 . 
Analogous relations hold for the incoming scattering states. 
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Following [5], we define the subspaces spanned by the respective scattering states: 

in , out 

n m = H+xH- and U ont = U+ x (2.8) 

Next, we introduce the wave operators $7 out : U+ <8> H- ->• U ovX and fl in : U+ <8> U- ->• "H in , 
extending by linearity the relations 

, out ■ in 

^ out (*+ <g> = 1> + x and n m ($> + ® = * + x (2.9) 

These operators are isometric in view of Proposition 2.4 (a). The scattering operator S : 
^out _^ W in given by 

S = fT(ft out )*, (2.10) 
is also an isometry. Now we are ready to introduce two important concepts: 

Definition 2.5. (a) If S = I on % out , f/ien u;e say i/tai i/ie theory is non-interacting. 

(b) IfH m = "H out = rl then we say that the theory is asymptotically complete (in terms of 

'waves'). 

We show in Theorem 3.3 below that any chiral conformal field theory in a vacuum represen- 
tation is both non-interacting and asymptotically complete. (We demonstrated these facts 
already in [25] in a different context). 

To conclude this subsection, we introduce some other useful concepts which are needed 
in Theorem 2.11 below: Let us choose some closed subspaces KL± C H±, invariant under the 

out 

action of U, and denote by ZC+ x /C_ the linear span of the respective scattering states. For 

out 

any ^ G K, + x /C_ C % we introduce the positive functionals p± ; *, given by the relations 

P+ ^{A) = ((n™^ 1 *!^®/)^)-^), (2.11) 
p_v{A) = ((fi out ) -1 tf |(J <g> A)(fi out ) -1 *), (2.12) 

where A G B(H) and the embedding K, + /C_ C % (g> % is understood. These functionals 
can be expressed as follows 

P±,*(-) = E(*±.»I • *±.n). ( 2 - 13 ) 
rteN 

where G /C-t and XmeN ll^i.nll 2 = ll^ll 2 - It follows easily from Lemma A. 2, that for 

out 

^ G Pe{JC + x /C_), where Pg is the spectral projection on vectors of energy not larger than 
E, one can choose *±, n G PeK,±. We note that for ||^|| = 1 the functionals are just 

the familiar reduced density matrices. 

2.3 Particle weights 

Similarly as in the previous subsection we consider a local net of C*-algebras (21, U) acting 
on a Hilbert space %. However, we do not assume that H contains the vacuum vector or 
non-trivial single-particle subspaces %±. To study particle aspects in this general situation 
we use the theory of particle weights [10, 16,41,42] which we recall in this and the next 
subsection. With the help of this theory we formulate in Definitions 2.7 and 2.12 below the 
central notion of this paper: superselection of direction of motion. 
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First, we recall two useful concepts: almost locality and the energy decreasing prop- 
erty. An observable B G 21 is called almost local, if there exists a net of operators { B r G 
2l(CV) | r > 0}, s.t. for any k G N 

lim r fc ||B - B r || = 0, (2.14) 

r— >oo 

where O r = {(t,a?) G M 2 | |i| + |a;| < r}. We say that an operator B G 21 is energy 
decreasing, if its energy-momentum transfer is a compact set which does not intersect with 
the closed forward lightcone V+. We recall that the energy-momentum transfer (or the 
Arveson spectrum w.r.t. a) of an observable B G 21 is the closure of the union of supports 
of the distributions 

(Vi\B(p)V 2 ) = ( 2 ^) _1 / d 2 xe~ ipx (y 1 \B(x)y 2 ) (2.15) 

over all ^i,^ 2 G H, where p = (uj,p), x = (t, x) and px = cot — px. 

Following [16,41], we introduce the subspace £q C 21, spanned by operators which are 
both almost local and energy decreasing, and the corresponding left ideal in 21: 

£ := {AB\ A G 21, £ G £ }. (2.16) 

Particle weights form a specific class of sesquilinear forms on £: 

Definition 2.6. A particle weight is a non-zero, positive sesquilinear form -ip on the left ideal 
C, satisfying the following conditions: 

1. For any L\, L 2 G C and A G 21 the relation tp(ALi, L 2 ) = ip(Li, A* L 2 ) holds. 

2. For any Li,L 2 G C and x G M. 2 the relation ip(a x (Li),a x (L 2 )) = tp(Li, L 2 ) holds. 

3. For any L\,L 2 G C the map M? 3 x — > tp(Li,a x (L 2 )) is continuous. Its Fourier 
transform is supported in a shifted lightcone V + — q, where q G V + does not depend on 
L\,L 2 . 

Let us now summarize the pertinent properties of particle weights established in [41] (in 
a slightly different framework). As a consequence of Theorem 2.9, stated below, particle 
weights satisfy the following clustering property [41] 

J dxtyiLu a x (L 2 ))\< 00, (2.17) 

valid for L x = B*AiB[, L 2 = B* 2 A 2 B' 2 , where B 1 ,B[,B 2 ,B' 2 G C and A X ,A 2 G 21 are 
almost local. In view of this bound, the GNS representation (tt^^H.^^) induced by a particle 
weight ip is well suited for a description of physical systems which are localized in space (e.g. 
configurations of particles) . The Hilbert space is given by 

H v + = (£/{L€£\ 1>(L, L) = 0}) cpl (2.18) 

and the respective equivalence class of an element L G £ is denoted by \L) G The 
completion is taken w.r.t. the scalar product (L\\L 2 ) := ip(Li,L 2 ). The representation tt^ 
acts on T-L^^ as follows 

7ty(A)|L) = \AL), A G 21. (2.19) 
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This representation is covariant and the translation automorphisms are implemented by the 
strongly continuous group of unitaries U n ^ , given by 

U w .(x)\L) = \a x (L)), x £~R 2 , L £ C (2.20) 

which is called the standard representation of translations in the representation ir^. By prop- 
erty 3 in Definition 2.6 above, its spectrum is contained in a shifted closed forward lightcone. 
The corresponding canonical representation will be denoted by U™. (Cf. the discussion be- 
low Definition 2.1). We also introduce operators (Q°, Q) of characteristic energy-momentum 
of ip which are the generators of the following group of unitaries on 

U*f(x) = UZfWU^x)- 1 € (2.21) 

i.e. U^ x {x) = e l Q° t -' t Q x . We call a particle weight pure, if its GNS representation is 
irreducible. It follows from definition (2.21) that the operator of characteristic energy- 
momentum of such a weight is a vector q = (q°,q) £ K 2 . It can be interpreted as the 
energy and momentum of the plane wave configuration of the particle described by this 
weight [2,41]. 

To extract properties of elementary subsystems (particles) of a physical system described 
by a given (possibly non-pure) particle weight, it is natural to study irreducible subrepresen- 
tations of its GNS representation. To ensure that there are sufficiently many such subrepre- 
sentations, we restrict attention to particle weights ip whose GNS representations ir^ are of 
type I with atomic center 3 . (In particular, ir^ appearing in our examples in Subsection 3.4 
below belong to this family). Then, by Theorem 1.31 from Chapter V of [49], there exists a 
unique family of Hilbert spaces (f)cn&a)a& and a unitary W : 'H- K ^ 1 — > (B a< =i{$)a <8> &a} s.t. 

W^Y'W- 1 = 0{£(£ a )0C/}, (2.22) 
Wn^yW" 1 = 0{C/®£(£ Q )}. (2.23) 

ael 

We note that a subspace /C Qje C %^ carries an irreducible subrepresentation Tr a ^ e of tt^, 
if and only if WK, a ^ e = S) a <g) Ce for some a £ I and e 6 & a . Clearly, n a;e and ir a:e r are 
unitarily equivalent for any fixed a and arbitrary vectors e,e' 6 R a . Choosing in any R a an 
orthonormal basis B a , we obtain 

^ = V- ( 2 - 24 ) 

eeB a 

It is clear from the above discussion that any irreducible subrepresentation of ir^ is unitarily 
equivalent to some ir a ^ e in the decomposition above. 

If all the representations in the decomposition (2.24) are unitarily equivalent to some 
fixed vacuum representation, then we call the particle weight ip neutral. Otherwise we call 
ip charged. In the case of charged particle weights there may occur an interplay between 
the translational and internal degrees of freedom of the system which we call supers election 
of direction of motion. To introduce this concept, we need some terminology: Let H-tt^r 
(resp. H^l) be the spectral subspace of the characteristic momentum operator Q of ip, 
corresponding to the interval [0, oo) (resp. (— oo,0)). Let 7r be an irreducible subrepresen- 
tation of 7ty, acting on a subspace K. C Hw^- Then we say that tt is right-moving (resp. 



3 i.e. whose center is a direct sum of one-dimensional von Neumann algebras. 
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left-moving), if K, / {0} and K. C "H^.r (resp. K. C "H^l)- By a suitable choice of the 
bases B a one can ensure that each representation 7r Q)e , appearing in decomposition (2.24), 
has one of these properties. (In fact, exploiting relations (2.21), (2.23), one can choose such 
basis vectors e £ $i a that M /r_1 (io Q £3 Ce) belong to T-Ln^,R or H^l)- After this preparation 
we define the central concept of the present paper: 

Definition 2.7. Let W be a family of particle weights and assume that their GNS repre- 
sentations {(w 1 p,'H. K ^)\'ip £ W} are of type I with atomic centers. Suppose that for any 
ip, ip' £ W the following properties hold: 

1. TT^p has both left-moving and right-moving irreducible subrepresentations. 

2. No right-moving, irreducible subrepresentation of ir^ is unitarily equivalent to a left- 
moving irreducible subrepresentation of n^i . 

Then we say that this family of particle weights has superselected direction of motion. 

Let us now relate superselection of direction of motion in the above sense to our discussion 
of this concept in the Introduction. For this purpose we consider a particle weight tp, whose 
GNS representation is of type I with atomic center and acts on a separable Hilbert space 7^ . 
Making use of formula (2.24) and identifying unitarily each ir a>e , acting on W~ 1 (Sj a <g) Ce), 
with TT a := vr Qj e acting on fC a := W~ 1 ($) a <8> Ceo) f° r some chosen eo £ B a , we obtain 

7r V) (2l)~0{ 7 r a (2t)®C7}, (2.25) 

where the r.h.s. acts on (& a£ i{JC a <8> & a }. In the sense of the same identification 

M*)' - 0{ C/ ® B (^)}- (2.26) 

ael 

Now, following [42], we choose a maximal abelian von Neumann algebra Ai in 7r^,(2l)', 
containing { U^ r (x) \ x £ IR 2 }. As a consequence of formula (2.26) 

M ~0{C/®A4 Q }, (2-27) 

ael 

where M a C B(& a ) are maximal abelian von Neumann subalgebras. For any such A4 Q there 
exists a Borel space (Z a ,d[i a ) s.t. (A4 a ,& a ) ~ (L°°(Z a ,diJ, a ),L 2 (Z a ,d^i a )). (This fact uses 
separability of the Hilbert space. See Theorem II. 2. 2 of [20]). Adopting this identification 
in (2.25) and (2.26), we obtain 

< ar ^0U^a har }, (2-28) 

ael 

where U^ iar (x) £ L°°(Z a ,diJ, a ) is the operator of multiplication by (the equivalence class 
of) the function Z a 3 z — > e iqa ' zX , where q a;Z = (q% tZ ,q ajZ ) e Introducing the field of 
representations (ir atZ , f) a ,z)z<=z a s.t. w a;Z = ir a and S) a;Z = K a for all z £ Z a , we obtain from 
relation (2.25) the existence of a unitary W : — > ae i J® d/j, a (z) f) ajZ s.t. 

^(■)W r_1 = 9 / ^W^(-)- (2-29) 

ael Za 
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This is an example of decomposition (1.2), stated in the Introduction. Moreover, as a 
consequence of (2.28), 

WU^{x)W- 1 = f d» a (z) e^ x , (2.30) 

where {q a ,z}zez a is the field of characteristic energy-momentum vectors 4 of the represen- 
tations {ir a ,z^a,z)zez a - As we required in the Introduction, for any particle weight with 
superselected direction of motion, the relation q a z ■ q a /^ z r < should imply that 7T Q)2 is 
not unitarily equivalent to ir a i^ z i for almost all z, z' . This is in fact the case in view of the 
following proposition. 

Proposition 2.8. Suppose that if) belongs to a family of particle weights which has superse- 
lected direction of motion in the sense of Definition 2.7 and s.t. its GNS representation acts 
on a separable Hilbert space. Then {ir a ,z}zez a , appearing in the decomposition (2.29) ofir^, 
is afield of right-moving (resp. left-moving) representations, if and only if q az > (resp. 
q az < 0) for almost all z G Z a . 

Proof. Suppose that ir a is a right-moving subrepresentation of ir^ i.e. K a C H n ^,R- We 
recall that 7r Q coincides with vr Qjeo acting on /C Qieo = K, a . Since every 7r aie , e G is 
unitarily equivalent to ir a: e , the property of superselection of direction of motion implies 
that JC a>e C H^r for all e G £. Consequently, U a = W~ 1 (Sj a «i! a ) C H^,K- Since 
the projection P a on % a is central, this subspace is invariant under the action of C/* ar . 
Formula (2.28) gives 

U%*{x)P a ~I®U?"(x), (2.31) 

thus the spectra of the generators of M 2 B x — > U^ l3X {x) and IR 2 B x — > U^ ar (x)P a coincide. 
In particular the spectrum of the generator of space translations of C/^ har is contained in 
[0, oo). The opposite implication follows immediately from relation (2.31). □ 



2.4 Asymptotic functionals 

In this subsection we consider a concrete class of particle weights, introduced in [9,10,41], 
which have applications in scattering theory. Their construction relies on the following result 
due to Buchholz (which remains valid in higher dimensions). 

Theorem 2.9 ( [10]). Let (21, U) be a local net of C* -algebras on IR 2 . Then, for any E > 0, 
LeC, 



P E I dx(L*L)(x)P E 
Jk 



<c, 



(2.32) 



where Pe is the spectral projection on vectors of energy not larger than E, K C IR is a 
compact interval, and c is a constant independent of K. 

Following [41], we introduce the algebra of detectors C = span{L^L2 : L\, L2 G £} and equip 
it with a locally convex topology, given by the family of seminorms 



PE (C) = sup jy dx |(*|C(aj)*)| I yeP E H, ||*|| < lj, CeC, (2. 



33) 



4 This terminology is consistent with the discussion after formula (2.21). In fact, under some technical 
restrictions each n atZ is induced by some pure particle weight tpct,z, whose characteristic energy-momentum 



vector is g a , z [41,42]. Cf. also formula (1.3). 
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labelled by E > 0, which are finite by Theorem 2.9. Next, for any ^ 6 % of bounded energy, 
(i.e. belonging to Pg?{ for some E > 0), we define a sequence of functionals {a\, }tgR from 
the topological dual of C: 



As this sequence is uniformly bounded in T w.r.t. any seminorm pe, the Alaoglu-Bourbaki 
theorem gives limit points cr^, ut £ C* as T — > oo, which are called the asymptotic functionals. 
The following fact was shown in [41]: 

Proposition 2.10 ( [41]). If c^, ut 7^ 0, then the sesquilinear forms on C, given by 



are particle weights, in the sense of Definition 2. 6. 

Fundamental results from [2] suggest a physical interpretation of the particle weights 
?/^ ut as mixtures of plane wave configurations of all the particle types described by the 
theory. (Cf. formulas (1.2), (1.3)). Accordingly, we say that a given theory has a non-trivial 
particle content, if it admits some non-zero asymptotic functionals . This is the case in 
any massless two-dimensional theory of Wigner particles (in a vacuum representation) as a 
consequence of the following theorem. A proof of this statement, which is our main technical 
result, is given in Appendix A. 

Theorem 2.11. Let (21, U) be a local net of C* -algebras on M 2 in a vacuum representation, 
acting on a Hilbert space %. Then, for any ^ G PeH ^, E > 0, 



where the functionals p±^ are defined by (2.11), (2.12). In particular, V^ ut = 0, if and only 

«/* € cn. 

In a theory of Wigner particles CO, / %± C 1i ont , thus the particle content is non-trivial by 
the above result. However, non-zero asymptotic functionals may also appear in the absence 
of Wigner particles i.e. when one or both of the subspaces H± equal H + OH-. If this is the 
case, then we say that the net (21, U) describes infraparticles. Theorem 3.6 below provides 
a large class of such theories. In Theorem 3.10 we show that some of these models describe 
excitations whose direction of motion is superselected in the following sense: 

Definition 2.12. Let (21, U) be a net describing infraparticles. We say that the infraparticles 
of the net (21, U) have superselected direction of motion, if { | ^ 7^ 0, ^ € PeH, E > 
} is a family of particle weights with superselected direction of motion in the sense of 
Definition 2.7. 

3 Particle aspects of conformal field theories 
3.1 Preliminaries 

In this section we are interested in particle aspects of chiral conformal field theories. To 
emphasize the relevant properties of these models, we base our investigation on the concept 




(2.34) 



r*\L u L 2 ) :=a ^{L\L 2 ), 



(2.35) 




(2.36) 
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of a local net of von Neumann algebras on R, denned below. There are many examples 
of such nets. In particular, they arise from Mobius covariant nets on S 1 by means of the 
Cayley transform and the subsequent restriction to the real line. The simplest example is the 
so-called [/(l)-current net [15], whose subnets and extensions are well-studied. For certain 
classes of nets on S 1 even classification results have been obtained [36,37]. 

Definition 3.1. A local net of von Neumann algebras on R is a pair (A, V) consisting of a 
map X — > AiX) from the family of open, bounded subsets o/R to the family of von Neumann 
algebras on a Hilbert space JC and a strongly continuous unitary representation of translations 
R 3 s — > V(s), acting on K., which are subject to the following conditions: 

1. (isotony) If Id 2, then A(l) C A(3). 

2. (locality) IfZC\Z = 0, then [A(1),A(Z)] = 0. 

3. (covariance) V(s)A(l)V(s)* = Ail + s) for any s G R. 

4- (positivity of energy) The spectrum ofV coincides with R + . 

We also denote by A the quasilocal C* -algebra of this net i.e. A = \J XcR A(I). 

Since we assumed that AiX) are von Neumann algebras, we cannot demand norm con- 
tinuity of the functions s ->■ j3 s (A), A £ A, where /3 S (-) = V(s) ■ V(s)*. This regularity 
property holds, however, on the following weakly dense subnet of C*-algebras 



The corresponding quasilocal algebra is denoted by A. 

If V has a unique (up to a phase) invariant, unit vector Qq G K. and f^o is cyclic under 
the action of any A(T) (the Reeh-Schlieder property) then we say that the net (A, V) is 
in a vacuum representation. In this case A acts irreducibly on /C. In the course of our 
analysis we will also consider other representations of (A, V). We say that a representation 
7r : A — > BiK.-^) is covariant, if there exists a strongly continuous group of unitaries V w on 



Moreover, we say that this representation has positive energy, if the spectrum of V n coincides 
with R_|_. If 7T is locally normal (i.e. its restriction to any local algebra A(T) is normal) then 
(ir (A), V n ) is again a net of von Neumann algebras in the sense of Definition 3.1. 

Let (Ai, Vi) and (A2, V2) be two nets of von Neumann algebras on R, acting on Hilbert 
spaces JCi and K.2- To construct a local net (21, U) on R 2 , acting on the tensor product space 
Ti = /Ci (8) /C2, we identify the two real lines with the lightlines I± = { (t, x) G R 2 | x =F t = } 
in R 2 . We first specify the unitary representation of translations 



whose spectrum is easily seen to coincide with V+ as a consequence of property 4 from 



1^A(1) :={AeA(l)\ \im\\p s (A)-A\\ = 0}. 



(3.1) 



n(a 8 (A)) = V n (s)Tr(A)V n (s)* , A e A, s G R. 



(3.2) 




(3.3) 
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Any double cone D CM 2 can be expressed as a product of intervals on lightlines D = X\ x X 2 - 
We define the corresponding local von Neumann algebra by 2l vN (D) := A\{1\) ^,2(^2), 
and for a general open region O we put 2l vN (0) = VdcO 2l vN (-C)- The net of von Neumann 
algebras (2l vN , U), which we call the chiral net, satisfies all the properties from Definition 2.1 
except for the regularity property 5. Therefore, we introduce the following weakly dense 
subnet of C* -algebras 

O ->2l(0) :={Ae 2T N (0)| lim \\aJA) - A\\ = 0}, (3.5) 

x^O 

and denote the corresponding quasilocal algebra by 21. Then (21, U) is a local net of C*- 
algebras in the sense of Definition 2.1. We will call it the regular chiral net and refer to 
(Ai,Vi), (^.2,^2) as its chiral components. We note for future reference that if 21 acts 
irreducibly on %, then U is automatically the canonical representation of translations of this 
net (cf. Subsection 2.1). Another useful fact is the obvious inclusion 

A a ig A 2 C 21, (3.6) 

where (8) a i g is the algebraic tensor product. 

Let (2l vN ,C7) be a chiral net, whose chiral components are (Ai,Vi) and (A,2,V2). Let 
7Ti, 7T2 be locally normal, covariant, positive energy representations of the respective nets 
on R. Then the chiral net of (iri(Ai),V ni ), (iT2(A2),V n2 ) i s a covariant, positive energy 
representation of (2f vN , U), which will be denoted by (7r(2l vN ), U n ), tt = tti®tt2 and tt is called 
the product representation of tt\ and 1T2. We note that (vr(2t), U n ) is contained in the regular 
subnet of (7r(2l vN ), U w ). For faithful tt these two nets coincide, due to Proposition 2.3.3 (2) 
of [17]. It is easily seen that tt is faithful (resp. irreducible), if tt\ and ir<i are faithful (resp. 
irreducible). (Cf. Theorems 5.2 and 5.9 from Chapter IV of [49]). 



3.2 Vacuum representations and asymptotic completeness 

A regular chiral net (21, U) is in a vacuum representation, with the vacuum vector $7 € %, 
if and only if its chiral components (A\,V\), (^.2,^2) are in vacuum representations with 
the respective vacuum vectors Jli € K\, O2 G JC2 s.t. Q = £li ® f^- (Cf. Proposition 3.5 
below). In this subsection we show that any such regular chiral net has a complete particle 
interpretation in terms of non-interacting Wigner particles. These facts follow from our 
results in [25], but the argument below is more direct. 

We start from the observation that the asymptotic fields have a particularly simple form 
in chiral theories: 

Proposition 3.2. Let (A±,Vi), (A2,V2) be two local nets of von Neumann algebras in vac- 
uum representations, with the respective vacuum vectors Qi, fl2- Then, for any A\ G A\, 
A 2 G A 2 

t/in 04i ® a 2 ) = a x ® {n 2 \A 2 n 2 )i, (3.7) 

$° ut/in (4! ® A 2 ) = (ni|AiJ2i)/®A 2 . (3.8) 

Proof. We consider only <3?^ ut , as the remaining cases are analogous. From the defining 
relation (2.6) and formula (3.4), we obtain 

$° ut (^! A 2 ) = s- lim Ai <g> / alt h T (t)f3 { % (A 2 ). (3.9) 
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(2) 

We set A 2 (/it) ■= J dth,T(t)P\^ t (A 2 ). This sequence has the following properties: 

lim A 2 {h T )n 2 = {n 2 \A 2 n 2 )n 2 , (3.10) 

lim ||[A 2 (/ir),A]|| = 0, for any A £ A 2 . (3.11) 

The first identity above follows from the mean ergodic theorem and the fact that J) 2 is the 
only vector invariant under the action of V 2 . The second equality is a consequence of the 
locality assumption from Definition 3.1. Since A 2 acts irreducibly, any $ 6 fC 2 has the form 
^ = AQ 2 for some A £ A 2 [45]. Thus we obtain from (3.10), (3.11) 

s-lim A 2 (h T ) = (n 2 \A 2 n 2 )I, (3.12) 

which completes the proof. □ 

Now we can easily prove the main result of this subsection: 

Theorem 3.3. Any regular chiral net (21, U) in a vacuum representation is asymptotically 
complete. More precisely: 

n + = ic 1 ®cn 2 , (3.i3) 

n- = cn 1 ^)c 2 , (3.i4) 

out in 

<H+ x U- =U+ xH- =H. (3.15) 
Moreover, any such theory is non-interacting. 

Remark 3.4. This result and Theorem 2.11 imply the convergence of the asymptotic func- 

(T) 

tional approximants {a^, }tsIR+ f° r all ^ G % of bounded energy in any regular chiral net 
in a vacuum representation. 

Proof. Using formula (2.5) and the cyclicity of the vacuum $7 under the action of 21, we 
obtain 

U± = [^ l {F)n\F e 21], (3.16) 

where [ • ] denotes the norm closure. Applying Proposition 3.2 and exploiting the cyclicity 
of under the action of Ai/ 2 , we obtain (3.13) and (3.14). The asymptotic completeness 
relation (3.15) also follows from Proposition 3.2: For any A\ £ Ai, A 2 £ A 2 

$° ut (Ai ® /)$° ut (/ ® A 2 )n = $!p(Ai ® i)<s>™{i ® A 2 )n = Ai^i ® A 2 n 2 . (3.17) 

Exploiting once again cyclicity of Cl 1 / 2 , we obtain that scattering states are dense in the 
Hilbert space. 

Now let us show the lack of interaction: Let *$>± 6 T~L±. Then, by (3.13), (3.14) and 
the irreducibility of the action of A\/ 2 on JCx/ 2 , there exist A\ 6 Ai, A 2 £ A 2 s.t. = 
Aifii ® ft 2 and *_ = J2i (8) A 2 ft 2 . Then 

tf + °x* = $° ut (Ai ^ 7)$° ut (I A 2 )ft = Aifti (8) A 2 ft 2 

in 

= *+ (Ai /)*"(/ 0i 2 )^ = $+x*-. (3.18) 
Hence the scattering operator, defined in (2.10), equals the identity on %. □ 
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3.3 Charged representations and infraparticles 

It is the goal of this subsection to clarify the particle content of chiral conformal field the- 
ories in charged representations. More detailed particle properties of such theories, e.g. 
superselection of direction of motion, will be studied in the next subsection. 

Let us first note the following simple relation between the single-particle subspaces of a 
regular chiral net and the invariant vectors of its chiral components. 

Proposition 3.5. Let (Ai, V\), (^.2)^2) be local nets of von Neumann algebras on R. Then 
V\ (resp. V2) has a non-trivial invariant vector, if and only if the single-particle subspace 
%_ (resp. %+) of the corresponding regular chiral net (21, U) is non-trivial. 

Proof. Suppose there exists a non-zero fii G /Ci, invariant under the action of V\. Then, 
for any ^2 £ K-2-, 

U(t,-t)(n 1 ®^ 2 ) = fti®^, (3.19) 

for t G I. Hence the subspace "H_ is non-trivial. Similarly, the existence of a non-zero 
O2 G /C2, invariant under the action of V2, implies the non-triviality of H + . 

Now suppose G H- and V\ has no non-trivial, invariant vectors. Then, by the mean 
ergodic theorem, 

li m I [ dtU(t,-t)$>= lim 1 I dt (Vi(y/2t) ® /)* = 0. (3.20) 

T^oo T J T^oo T J 

Thus we established that = {0}. Similarly, the absence of non-trivial, invariant vectors 
of V 2 implies that U+ = {0}. □ 

Let (21, U) be a regular chiral net in a charged irreducible (product) representation. That 
is 21 acts irreducibly on a non-trivial Hilbert space, which has the tensor product structure, 
by our definition of chiral nets, and does not contain non-zero invariant vectors of U. The 
particle structure of such theories is described by the following theorem. 

Theorem 3.6. Let (21, U) be a regular chiral net in a charged irreducible (product) repre- 
sentation acting on a Hilbert space %. Then: 

(a) H + = {0} orW- = {0} i.e. the theory does not describe Wigner particles. 

(b) For any non-zero vector ^ £ PeH, E > 0, all the limit points of the net {a^ }t£R +> 
given by (2.34), are different from zero. 

Hence (21, U) describes infraparticles. 

Proof. Part (a) follows immediately from Proposition 3.5 and the absence of non-zero 
invariant vectors of U in %. As for part (b), since 21 acts irreducibly on %, its chiral 
components (A1/2, ^1/2) ac t irreducibly on their respective Hilbert spaces K-i/2- We note 
that for any non-zero vector ^ G PeH we can find a sequence of vectors {^njneN from K,\ 
s.t. ^i/0 and 

(tf|(C®J)tf) = £(tf n |Ctf n ) (3.21) 

rteN 

for all C G B{JC\). Moreover, we can assume without loss of generality that K,\ does not 
contain non-trivial invariant vectors of V±. Then we obtain from Lemma A.l (b) the existence 
of a local operator A G Ai and / G S(M) s.t. supp/ n R+ = 0, which satisfy A(f)^ 1 / 0. 
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We note that any B := A(f) (g) 1 is a non-zero element of 21 which is almost local and energy 
decreasing. Consequently, B*B belongs to the algebra of detectors C of the net (21, U). We 
consider the corresponding asymptotic functional approximants 

a { J\B*B) = J dth T (t) J dx(V\a {ttX) (B*B)y) 

= J dth T {t) J dxmpfy 2) _ 1{t _ x) {A(fyAU))®m) 

> J t fa(*i|03{^ ) _ 1(B (A(/)M(/)))* 1 ) + 0, (3.22) 

where in the last step we made use of (3.21). As the last expression is independent of T, all 

(T) 

the limit points of {a\, }tsR+ are different from zero. □ 



3.4 Infraparticles with superselected direction of motion 

In Theorem 3.6 above we have shown that any charged irreducible (product) representation 
of a chiral conformal field theory contains infraparticles. In this subsection we demonstrate 
that in a large class of examples these infraparticles have superselected direction of motion 
in the sense of Definition 2.12. 

Let (A, V) be a local net of von Neumann algebras on R, acting on a Hilbert space K,. 
We assume that this net is in a vacuum representation, with the vacuum vector f^o £ K,. Let 
W be a unitary operator on K, which implements a symmetry of this net i.e. 

WA(X)W* C A(l), (3.23) 
WV(t)W* = V(t), (3.24) 
WQ = fi , (3-25) 

for any open, bounded interval X C R and any t £ 1. We assume that W gives rise to 
a non-trivial representation of the group Z2 i.e. AdW^ ^ id and W 2 = I. We define the 
subspaces 

A ev (T) = {Ae A(l) I W AW* = A }, (3.26) 
A odd (I) = {A£ A(l) I WAW* = —A}. (3.27) 

Let A cv (resp. -4 dd) be the norm-closed linear span of all operators from some A ev (I) 
(resp. A dd(Z)), X C R. Clearly, (Acv, V) is again a local net of von Neumann algebras on 
the real line acting on K.. We introduce the subspaces /C ev = [-4 ev f2o], ^odd = [Aidd^oL 
where [ • ] denotes the closure, which are invariant under the action of A ev and V, and satisfy 
K. = K. C v © /C dd • K-odA gives rise to the representation 

^ odd (^) = A\ Kodd , AeAev, (3.28) 
V dd(t) = V(t)\ Kodd , t€R. (3.29) 

Its relevant properties are summarized in the following lemma, which we prove in Ap- 
pendix B. 

Lemma 3.7. (vr dd,^ dd) is a covariant, positive energy representation of (A cv , V), in which 
the translation automorphisms are implemented by V Q dd- Moreover: 



(a) 7r dd is a locally normal, faithful and irreducible representation of A, 
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(b) V dd does not admit non-trivial invariant vectors. 

We set A := 7r dd(*4ev)> V(t) := V Q dd(t)- By the above lemma (A, V) is again a local net of 
von Neumann algebras on the real line. We define its representation on /C cv 

vr ev (i) = 7^(1)1^, AeA, (3.30) 

v ev (t) = V(t)\!c ev , tern (3.31) 

and state the following fact, whose proof is given in Appendix B. 

Lemma 3.8. (vr cv ,/C cv ) is a covariant, positive energy representation of (A,V), in which 
the translation automorphisms are implemented by V ev . Moreover 

(a) 7r cv is a locally normal, faithful and irreducible representation of A. 

(b) V cv admits a unique (up to a phase) invariant vector, which is cyclic for any n ev (A(I)). 

We conclude that (ir ev (A), V ev ) is a local net of von Neumann algebras in a vacuum repre- 
sentation with the vacuum vector Q,q 6 /C ev - 

We remark that the above abstract construction can be performed in a number of concrete 
cases. If a Mobius covariant net X — > AiX) on S 1 , in a vacuum representation, admits an 
automorphism 5 7 of order 2 which preserves the vacuum state, then one can define W by 

WAfl = 7(A)fi , A e A{1). (3.32) 

This does not depend on the choice of the interval I and defines a unitary operator thanks 
to the invariance of the vacuum state. This W automatically commutes with the action 
of the Mobius group (in particular with the action of translations) as a consequence of the 
Bisognano-Wichmann property [31]. Thus, upon restriction to the real line, we obtain a local 
net equipped with a unitary W which satisfies (3.23)-(3.25). Non-trivial automorphisms 7 
appear, in particular, in the [/(l)-current net (7 : J(z) — > — J(z)) [15], in loop group nets of 
a compact group G with a Z2-subgroup in G [51] and in the tensor product net A® A for 
an arbitrary Mobius covariant net A, where 7 is the flip symmetry. 

Coming back to the abstract setting, we introduce the class of two-dimensional theories, 
we are interested in: Let (A\,V\), (.A2, V2) be two local nets of von Neumann algebras on 
R, in vacuum representations, acting on Hilbert spaces K\, K-2- We denote the respective 
vacuum vectors by Q2 an d introduce the corresponding regular chiral net (21, U). We 
assume the existence of unitaries W\, W2, which give rise to non-trivial representations of 
Z2 and implement symmetries of the respective nets on M as defined in (3.23)-(3.25). By the 
construction described above we obtain the nets {A\, V\), (A2, V2), acting on /Ci i0( jd; ^2,odd- 
We denote by (2l vN , U) the corresponding chiral net acting on it = /Ci i0 dd <%> ^2, odd and by 
(21, U) its regular subnet. Let us summarize its properties. 

Proposition 3.9. The regular chiral net (21, U), whose chiral components are (Ai,Vi), 
(^,2)^2), has the following properties: 

(a) 21 acts irreducibly onji. 

(b) (21, U) does not admit Wigner particles (H± = {0}), but all the asymptotic functionals 
of the form { V>| ut | * ^ 0, * G PeW, E > } are non-zero. 

5 An automorphism 7 of a net A is an automorphism of the quasilocal algebra A which preserves each 
local algebra A(X). 
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(c) ttr = i\®T^2,cv and-jr^ = 7ri i ev<X"'2 are irreducible, faithful, covariant representations of 
(21, U), acting on H ni{ := /Ci iQ dd ® /C2,cv %tt l := /Ci,ev <8> ^2,odd; respectively. The 
respective (canonical) unitary representations of translations are given by U nR (x) := 
U(x)\n^ and U^{x) := U{x)\ H ^. 

(d) Hn B - = {0} and %7r R ,+ / {0} lu/w/e H^- / {0} and %tt l ,+ = {0}. Consequently, 
7Tr is not unitarily equivalent to ir^. 

In part (c) l 1 / 2 are the defining representations of A\ji- Representations 7r 1( / 2) ev are defined 
as in (3.30), (3.31). 

Proof. Part (a) follows from the irreducibility of 71^/2, odd) shown in Lemma 3.7. As for 
part (b), we obtain from Lemma 3.7 (b) and Proposition 3.5 that T-L± = {0}. On the other 
hand, Theorem 3.6 ensures that the relevant asymptotic functionals are non-zero. Irre- 
ducibility and faithfulness of ttr/l in part (c) follow from Lemma 3.8 (a) and Lemma 3.7 (a). 
Proceeding to part (d), we note that, by faithfulness of 7Tr,, the net (7Tr(21), U nn ) coincides 
with the regular chiral subnet of (7Tr(21 vN ), U^ ), whose chiral components are (A\, V\) and 
{^2,ev{A2) -,V2,ev) ■ From Lemma 3.7 (b), Lemma 3.8 (b) and Proposition 3.5 we obtain 
that %7r Rl - = {0} and %„- R ,+ / {0}. An analogous reasoning, applied to 7Tl, shows that 
/ {0} and ^7r L ,+ = {0}. Hence, due to relation (2.3), the two nets are not unitarily 
equivalent. □ 

In view of part (b) of the above proposition, the theory (21, U) describes infraparticles. In 
the following theorem, which is our main result, we show that these infraparticles have 
superselected direction of motion, in the sense of Definition 2.12. 

Theorem 3.10. Consider the regular chiral net (21, U), constructed above. Let -ip G 
{V^ ut | * 7^ 0, * € PeH, E > 0} and let tt^ be its GNS representation. Then ir,^ is a 
type I representation with atomic center. It contains both right-moving and left-moving irre- 
ducible subrepresentations which are unitarily equivalent to 7Tr and 7Tl, respectively. Hence 
the theory describes infraparticles with superselected direction of motion. 

Remark 3.11. Let us consider the regular chiral net (21, U) in the vacuum representation. 
Then, similarly as in the theorem above, the GNS representation ir^ induced by any particle 
weight 1/) £ { VvT* I * ^ VP G PeH, E > } is of type I with atomic center. However, any 
non-trivial irreducible subrepresentation of tt^ is unitarily equivalent to the defining vacuum 
representation i.e. ip is neutral. These facts are easily verified by modifying the proof below. 

Proof. Let us first consider the regular chiral net (21, U) acting on H. By Theorem 3.3, 

out 

/C + := /Ci ;0dd <g> CQ 2 C 7i+ and /C_ := Cfh /C 2)0 dd C U-. Any vector ^ G Pe(/C+ x /C_), 
E > 0, gives rise to functionals p^ t ±, defined by (2.11), (2.12). They have the form 

P±,*(-) = I](*±,n| ■ *±,n), (3-33) 
rtGN 

where ^± >n G PeK,±. (Cf. formula (2.13) and the subsequent discussion). Since \I/ 7^ 0, we 
can assume that ^+,1 7^ and 7^ 0. We also note for future reference that JC+ C 
and /C_ C H nL . 

A A OUt 

Let us now proceed to the net (21, U), acting on H = /C+ x /C_ C H, and let C be the 
left ideal of 21, given by definition (2.16). For any L G C we define 

^ = Kodd®^odd)(^)eA (3.34) 
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where C is the corresponding left ideal of 21. We note that such L leaves the subspaces 
and Ti^ invariant. Exploiting Theorem 2.11 and formula (2.13), we obtain 

^ ut (Li,L 2 ) = f <fe{(tt+ 1 „|(L;L 2 )(a ! )tf +in ) + (*-,„|(L;L 2 )(x)*_ )n )}. (3.35) 

It follows from Theorem 2.9 that for any L given by (3.34) the Fourier transforms 

L*+, n (p) := (27T)- 1 / 2 J dxe- i P x LU n Jx)*^ + ^ (3.36) 

Ltf-,n(p) := W 1 / 2 J dxe ipx LU^(x)*V-, n (3.37) 

belong to %tt r ® £ 2 (M+ , <ip) and H„- L ® L 2 (R+ , dp) respectively. Since 7Tr(21) acts irreducibly 
on %tt r and U nR does not have non-zero invariant vectors, we obtain from Lemma A.l (a) 
the existence of L + G C s.t. L + ^ +t i 7^ 0. Since L + [/', rR (£c)*\E , +! i is a continuous function of 
2:, it is nonzero as a square-integrable function, hence {-L + \E' +i i(p)} pg R + / 0. Analogously, 
we can find L_ G £ s.t. {L_^_ 5 i(p)} pG iR + / 0. For future reference, we note the equalities 

a x (L)* +tn (p) = e-^ x U nR (x)L* + , n (p), (3.38) 
«,(£)§_,„ (p) = e- l ^-^^ L (x)L§_, n (p), (3.39) 

which hold in the sense of H nn (8> L 2 (KL|_ , dp) and H nh ® L 2 (K+,<ip) respectively. These 
relations are easily verified for such *± ;n G PeK-± that M 9 a; — )■ L[/ 7rR/L (a:)*\I/± !n decay 
rapidly in norm as \x\ — > 00, since in this case the Fourier transform is pointwise defined. 
The general case follows from the fact that such vectors form a dense subspace in PeKL± (cf. 
formula (3.53) below) and that the maps PeK,± 3 -> {L§(p)} peR+ G V. nB /L L 2 (R + , dp) 
are norm-continuous. This latter fact is a consequence of Theorem 2.9 and the (Hilbert space 
valued) Plancherel theorem. 

After this preparation we study the structure of the GNS representation induced by ip. 
Let us first consider the following auxiliary representation of (21, U) 

:=©({*ft(-)® J}©K(-)® (3-40) 

neN 

acting on H ni := neN {{U^ ®L 2 (R + , dp)} ®{U^ ®L 2 (R + , dp)}) . From definition (3.40) 
and relation (2.22) we conclude that m and its subrepresentations are of type I with atomic 
center. Moreover, it\ is covariant and it is easily seen that the canonical representation of 
translations is given by 

^H*) = (R» 1} {U nL (x) ® /}). (3.41) 

neN 

We note that 7r^ is unitarily equivalent to a subrepresentation of tt±. In fact, the map 
TTi > given by 

Wi : |L) -> ({ L*+, n (p) } peR+ { L*_, n (p) } peK+ ) , (3.42) 

neN 

intertwines the two representations and is an isometry by formula (3.35) and the (Hilbert 
space valued) Plancherel theorem. It is easily checked that the canonical representation of 
translations L^ n in the representation ir^ is given by the relation 

W 1 U^(x) = U^{x)W 1 . (3.43) 
21 



Recalling that U^ r {x) = U^ D {x)U~^ (x) , where is given by (2.20), we obtain 

W 1 U^(x)\L) = W 1 U™(x)\a- x (L)) = U^\x)W 1 \a^ x (L)) 

= © ({ U^{x)a- x {L)^ + , n (p) } peR+ { C/^(a;)a_ x (L)tf_ n (p) } pm+ ) 

neN 

= ({ I ® e^*} pm+ e^'-^jp^W^L), (3.44) 

neN 

where in the last step we made use of relations (3.38), (3.39). Now let Q be the generator of 
space translations of L7^ ar and let H^r (resp. H^l) be its spectral subspace corresponding 
to the interval [0, oo) (resp. (— oo,0)). Then, by formula (3.44), 

W 1 H^, R = P R W 1 H^, (3.45) 
WiH^L = PlW^, (3.46) 

where .Pr/l are the projections on the subspaces © ne N{%7r R/L ® L 2 (M. + , dp)} in From 
definition (3.42) and the remarks after formula (3.37) we conclude that PrWiH^, ^ {0} 
and PlWiH-Ktp / {0}. Consequently ir^ has both right-moving and left-moving irreducible 
subrepresentations. 

Let 7T be an irreducible subrepresentation of 7r^, acting on a non-trivial subspace JC C 
^ttj,,r (i-e. a right-moving subrepresentation). Then W\ir{ ■ )W* is an irreducible subrepre- 
sentation of 7Tr( ■ ) (g) I acting on Ti^ (g) ( © neN L 2 (IR + , dp)) . By irreducibility, we conclude 
that 7r is unitarily equivalent to ("7Tr( • )®I)\'H ltn ®Ce for some non-zero e G © rae pj L 2 (JH + ,dp). 
This latter representation can be identified with 7tr. An analogous argument shows that any 
left-moving irreducible subrepresentation of ir^ is unitarily equivalent to 7Tl- Hence, by 
Proposition 3.9 (d), (21, U) describes infraparticles with superselected direction of motion. 
□ 

Let us assume for a moment that % is separable. Then we obtain from the above theorem 
and formula (2.29) that the GNS representation of any particle weight ip™ 1 of the net (21, U), 
where ^ / is a vector of bounded energy, has the form 

re re 
7tyout ~ / dfi R (z) 7r R)Z / dn L (z)ir LtZ . (3.47) 

Here (Zr/ l , ^r/l) are some Borel spaces and vtr/l^ = ttr/l f° r an 2 £ ^r/l- A decomposi- 
tion of V^ ut into pure particle weights, which induce the irreducible representations appearing 
in the decomposition of vr^out, was obtained by Porrmann in [41,42] (cf. formula (1.3) above). 
However, to apply Porrmann's abstract argument, one has to restrict attention to countable 
(resp. separable) subsets of all the relevant objects and it is not guaranteed that the result- 
ing (restricted) pure particle weights extend to the original domains. It is therefore worth 
pointing out that the theory (21, U) admits a large class of particle weights, whose decom- 
position can be performed in the original framework. To our knowledge this is the first such 
decomposition in the presence of infraparticles. (See however [35] for some partial results on 
the Schroer model). These particle weights belong to the set { | \l/ G T> }, where T> C % 
is a dense domain spanned by vectors of the form 

= Fifii ® F 2 fi 2 , (3.48) 

where F\ G -4.i i0 dd> F 2 G A 2t0 dd are s.t. F\ (g)/, I®F 2 G 21 are almost local and have compact 
energy-momentum transfer (see formula (2.15)). The proof of the following proposition 
exploits some ideas from [26]. 
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Proposition 3.12. Consider the regular chiral net (21, £7) constructed above. Denote by 
£ its left ideal, given by definition (2.16). Then, for any non-zero vector ^ G T>, there 
exist continuous fields of pure particle weights AR )n 3p4 ipR, n ,p( ■ , ■ ) and ^L,m 3 P — > 
i>L,m, P ( ■ , ■ ) s.t. for any L 1 , L 2 G C 



W t (L 1 ,L 2 )= [ dpfa, nj ,(L 1 ,L 2 )+ Y I dp^L, m)P (Li,L 2 ), (3.49) 



where Cr, Cl C N are non-empty finite subsets and Ar^Al,™ C K + are non-empty, open 
subsets for any n G Cr, m G Cl- Moreover: 

(a) The characteristic energy-momentum vectors of the weights i/jR >n ,p (resp. *pL,m,p) are 
equal to q K>n:P = (p,p) (resp. q L ,m,p = (p, -p)). 

(b) The GNS representation induced by any V'R,n,p ('resp. ipL,m,p) is unitarily equivalent to 
7Tr (resp. tt l ). 

The representations 7r R/ < L appeared in Proposition 3.9. 

Remark 3.13. Parts (b) and (d) of Proposition 3.9 show that spectral properties of the 
energy-momentum operators in the representations induced by the pure particle weights 
■0R/L,n,p are different from those in the original representation: In the case of U nn the right 
branch of the lightcone contains the singularities characteristic for Wigner particles, while 
in the left branch such singularities are absent. (For U nh the opposite situation occurs). For 
infraparticles in physical spacetime a more radical version of this phenomenon may occur: 
There one expects isolated singularities at the characteristic energy-momentum values of the 
respective pure particle weights. (Cf. Section 2 (iii) of [16]). 

Proof. Any vector G T> has the form 

* = Y c kAk^i ® F W Q 2 , (3.50) 
k,l 

where the sum is finite and Fr ^, F^i have properties specified below formula (3.48). Apply- 
ing the Gram-Schmidt procedure, we can ensure that the systems of vectors {Fr^^i}^ = q, 
are orthonormal. Since % — /Ci j0 dd <8> /C2,odd C JC\ <S> K, 2 — H, we can write 

* = Y, Ck,l$T\ F K,k ® iW-'il ® F w )n, (3.51) 
k,l 

where we made use of Proposition 3.2 applied to the net (21, U). For any L G C we define 
L = <8> 7r 2~odd)(-^) e ^' w here £ is the left ideal of 21, given by definition (2.16). In 

view of Theorem 2.11, we get 



r* ut (Li,L 2 ) = Y I dx{{GR, n ® m\{L\L 2 ) (x)(G R , n ® J)fi) 
nec K J 

+ Y [dx((I®G L , rn )n\(L* 1 L 2 )(x)(I®G Ltm )n), (3.52) 

where Gr 5 „, = Y2k c k,nFR,k, Gh,m = Yli CmjFhj and the sets Cr and Cl are chosen so that 
*R,n := (Gn t n ® F)tt / and * L;m := (7 ® G L , m )^ 7^ for n G Cr and m G C L . We note 
that both sets are non-empty, if \P 7^ 0. (Cf. formula (2.13) and the subsequent remarks). 
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Let us consider the first sum in (3.52) above: Any L G C is a finite linear combination 
of operators of the form AB, where A, B £ 21 and B is almost local and energy decreasing. 
Since we assumed that Fr^ <S> I are almost local, the functions 

r 3 x _> ABL^ R »*(G R , n I)n = A[B, (G R>n /)(-aj)]n (3.53) 

decrease in norm faster than any inverse power of \x\. Consequently, the Fourier transform 

L^ n (p) := (27T)- 1 / 2 J dxe' ipx LU nR (xy(G Kn ® 7)0 (3.54) 

is a norm-continuous function. It is compactly supported in E+ due to the spectrum condi- 
tion and the fact that the energy-momentum transfer of each CrR,n <8> / is bounded. By the 
(Hilbert space valued) Plancherel theorem, we can write 

j dx{{G^ n ®m\{L\L 2 ){x){G n ,n®m) = j dp(^l*R,n(p)|^2*R,n(p))- (3-55) 
We define 

^R,nALl,L 2 ) ■= (£l*R,n(p)|£2*R,n(p))- (3-56) 

It is easy to see that non-zero ^R,n,p are particle weights in the sense of Definition 2.6: 
Positivity and property 1 are obvious. The continuity requirement in property 3 follows 
from the equality 

ifa.,n,p(Li, L 2 (y) - 1 2 ) 

= (27T)- 1 / 2 j daje- i '«(Li* R)n (p)|[(L 2 ( J /)-L 2 ),(GR )n (8)/)(-aj)]n) (3.57) 

and from the dominated convergence theorem. Invariance under translations (property 2) is 
a straightforward consequence of the formula 

a x (L)^ R>n (p) = e- l ^ x U nR (x)L^ n (p), x 6 R 2 (3.58) 

Making use of the above relation and the spectrum condition, it is easy to see that the 
distribution 



>2 



3 q -> (2TT)- 1 J d 2 x e-^^ R , n , p (L 1 , a x (L 2 )) (3.59) 



is supported in V + — (p,p). 

Now let us show that any function p — > V'R,n,p( ■ , ■), n £ Cr, is non-zero on a non-empty 
open set Ar jW : Since (Gr n (8> G 7^^ R is different from zero, C/ TR does not have non-zero 
invariant vectors and 7Tr(21) acts irreducibly on H^, Lemma A.l ensures the existence of 
L6£ s.t. L(Gr 5 „ <8> / 0. Consequently, E 3 a; — >■ LU^^x)* (Gn tn <8> I)& is a non-zero 
function and so is the norm of its Fourier transform E + 3 p — > ipji tn ^ p (L, L). Since the 
functions E + 3 p — > ipR, n ,p(Li, L 2 ) are continuous for all L\,L 2 G £, as we have shown 
above, the sets 

Ar,„:= |J {peR + |fe, n)P (Li,L 2 )/0} (3.60) 

Li,L 2 &C 

are open and non-empty. 
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Let us now fix some n G Cr, p G AR )n and consider the GNS representation ir induced 
by 4>R,n,p, acting on the Hilbert space Ji^ := {t/{L G C\ipB,,n,p(L, L) = 0}) cpl . The 
equivalence class of L G C is denoted by \L) and the scalar product is given by (L1IL2) = 
^R,n,p(-^i> -^2)- This GNS representation has the form 

vr(i)|L) = |AL), L € I, A G 21, (3.61) 
l/ w (a;)|L) = |a x (L)), L G C, x G M 2 , (3.62) 

where £/"„- is the standard representation of translations. We will show that (7r(2l), U n ) is 
unitarily equivalent to (7Tr(21), U nR ). To this end, we introduce the map W R : H n — > ~Hn R = 
/Ci j0 dd ® ^2,cv given by 

H^ R |L) = L* R , n (p), L G £. (3.63) 

This map is clearly an isometry. Since 7Tr acts irreducibly on "H^, we obtain that Wr has 
a dense range and hence it is a unitary operator. From the relation 

W r tt(A)\L) = 7r R (i)L§R n (p) = tt r {A)W r \L), LeC, i G 21 (3.64) 

we conclude that 7r and 7Tr are unitarily equivalent. Next, we obtain for any L G C and 

x G M 2 

[4 r (x)Wr|L> = e^^a^L^R^p) = e^' p ^R^(x)|L>, (3.65) 

where in the first step we made use of relation (3.58). We recall that the spectrum of 
U WR coincides with V + and note that 7r(2l) acts irreducibly on 7i n , by relation (3.64) and 
Proposition 3.9 (c). Thus, in view of equality (3.65), 

U™ n (x) = e iip ' p)x U w (x), xGR 2 (3.66) 

is the canonical representation of translations in the GNS representation of ip R , n ,p- Rela- 
tion (3.66) shows that q R , n ,p = (p,p)- 

The analysis of the second term on the r.h.s. of (3.52) proceeds similarly: For any m G Cl 
and L G C one introduces vectors 

L^ m {p) := (27T)- 1 / 2 J dx e ipx LU(x)* (I G L , m )fl (3.67) 

and functionals ipL,m,p(L\, L2) = (ii^ , L,m(p)|-^2^L,m(p))- By an analogous reasoning as 
above one shows that for p in some non-empty, open set AL, m C M + these functionals are 
particle weights with characteristic energy- momentum vectors qh,m,p = (p> ~P)- Their GNS 
representations are unitarily equivalent to 7Tl- □ 



4 Conclusions and outlook 

In this work we carried out a systematic study of particle aspects of two-dimensional con- 
formal field theories both in vacuum representations and in charged representations. In the 
former case we established a complete particle interpretation in terms of Wigner particles 
(or 'waves' in the terminology of [5]). In the latter case we proved the existence of infra- 
particles and verified superselection of their direction of motion in a large class of examples. 
We conclude that conformal field theories provide a valuable testing ground for fundamental 
concepts of scattering theory. 
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An important question which remained outside of the scope of the present work is the 
problem of asymptotic completeness in the case of infraparticles. We remark that the theory 
of particle weights offers natural formulations of this property [9, 11] which can be adapted 
to the case of massless, two-dimensional theories. We conjecture that any charged represen- 
tation of a chiral conformal field theory has a complete particle interpretation in terms of 
infraparticles. 

A more technical circle of problems concerns the decomposition of particle weights and 
their representations stated in formulas (1.2), (1.3). We recall that the general procedure 
of [41,42] is not canonical: Firstly, it involves a choice of a maximal abelian subalgebra, 
acting on the representation space of the original weight. Secondly, it relies on a selection 
of countable subsets of all the objects involved. In view of these ambiguities it is not yet 
possible to associate a unique family of (infra-)particle types with any given quantum field 
theory. We feel that a satisfactory solution of these problems requires a systematic study of 
examples. A useful criterion for their classification is the type of representations induced by 
particle weights. Thus in the present paper we focused on representations of type I (with 
atomic center) which have a simple decomposition theory. Already in this elementary case 
we found a physically interesting phenomenon: superselection of direction of motion. It is 
a natural direction of further research to look for theories, whose asymptotic functionals 
induce representations which are not of type I with atomic center. We conjecture that such 
models exist and some of them describe infraparticles with superselected momentum, similar 
to the electron in QED. 

Acknowledgements. The authors would like to thank Prof. D. Buchholz and Prof. R. Longo 
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A Proof of Theorem 2.11 

Lemma A.l. (a) Let (21, U) be a local net of C* -algebras on M 2 in the sense of Definition 2.1, 
acting irreducibly on a Hilbert space H and let U = U can . Let € % be s.t. 

A(f)V := J d 2 xa x (A)f(x)V = (A.l) 

for all local operators A £ 21 and all f G »S(R 2 ) s.t. supp / is compact and supp / fl V+ = 0. 
Then ^ is invariant under the action ofU. (Here f(p) := (27r) _1 f d 2 x e ipx f (x) ). 
(b) Let {A, V) be a local net of von Neumann algebras on R in the sense of Definition 3.1, 
acting irreducibly on a Hilbert space JC. Let \P G K. be s.t. 

A(f)V:= J dsf3 s (A)f(s)^ = (A.2) 

for all local operators A £ A and all f G S(M.) s.t. supp / is compact and supp / D K+ = 0. 
Then ^ is invariant under the action ofV. (Here f(u) := (2ir)~2 J dse tu)S f(s) ). 

Proof. The argument exploits some ideas from the proof of Proposition 2.1 of [13]. As for 
part (a), suppose that ^ is not invariant under the action of U. Since the map B(%) 3 
A — > A(f) is cr-weakly continuous (cf. Lemma 5.3 of [41]) and 21 acts irreducibly on %, 
condition (A.l) implies that 

P(Ai)A(/)P(A 2 )tf = 0, (A.3) 
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where P( • ) is the spectral measure of U and Ai, A2 C M 2 are open bounded sets. Since the 
spectrum of U has Lorentz invariant lower boundary and is not invariant under transla- 
tions, we can choose Ai, A2 s.t. P(Ai) 7^ 0, P(A2) V I / ^ and the closure of (Ai — A2) does 
not intersect with V + . Choosing / G S^R 2 ) s.t. supp/ CiV + = and f(p) = 1 for p in the 
closure of (Ai — A2), we obtain that 

P(Ai)AP(A 2 )* = (A.4) 

for any A G 21. Exploiting irreducibility again, we obtain P(Ai) = 0, which is a contradic- 
tion. The proof of part (b) is analogous. □ 



Lemma A. 2. Let JC± C H± be closed subspaces, invariant under the action of U. Let 
{e +jm } me i be a complete orthonormal basis in (Pg/C + ) and let {e_ in } ng j be a complete 

out 

orthonormal basis in (Pg/C_) for some E > 0. T/ien any * G P#(/C + x /C_) can &e 
expressed as 

^ — ^ out 

* = 2^ c ™." e +.^ x e -™> ( A - 5 ) 

m,n 

where Y<m,n \ c m,n\ 2 < 00 • 

Proof. First, we define a strongly continuous unitary representation of translations 

U (x)(V + ®*-) = (U(x)V+)®(U{x)V-), Vl/± G /C± (A.6) 

on /C+ (8> /C_. Then we obtain from Proposition 2.4 

O out f/ ( x ) = [/( x )ft out . (A.7) 

For \&' = (S7 out ) — x ^ the above relation gives Pq e^' = ^' , where Pq^e is the spectral projec- 
tion of Uq corresponding to the set { (u,p) G R 2 \ u < E}. By the functional calculus, we 
get P ,£ = P ,e(Pe ® P E ). Hence 

*' = (P E ® Pe)*' = Yl c ™,ne+, m ® e_ „. (A.8) 
By applying out , we obtain relation (A. 5). □ 

Lemma A. 3. Let \E ,/ G H be a vector of bounded energy, let Fi,F 2 G 21 be almost local and of 
compact energy -momentum transfer, and let L = ^fe =1 ^4fcPfc ; where Ak,Bk G 21 are almost 
local and B^ are, in addition, energy decreasing. Then 

lim (^'\[[Q T ,^ t (F 1 )],^ t (F 2 )]n) = 0, (A.9) 

where Qt = J dthr{t) J dx (L*L)(t,x). (The above sequence is well defined by Theorem 2.9). 
Proof. First, we note that by Proposition 2.3 and Theorem 2.9 

lim ^'\[[Q T ,^\F 1 )],^\F 2 )}n) = lim (*'| [[Q T , F 1 , + (h T )}, F 2 ,_ (h T )]n), (A.10) 

J — >oo 1 — >co 

if the limit on the r.h.s. exists. We introduce the auxiliary operators: 

Q±,t:= f dth T {t) f dx(L*L)(t,x). (A.ll) 
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As we show below, they satisfy 



lim \\PE[Q±,T,F T (h T )]PE\\=0 (A.12) 

T->oo 

for any E > and any F G 21 which is almost local and of compact energy-momentum 
transfer. Making use of this relation and the fact that Qt = Q+,t + Q-,T, the proof is 
completed with the help of the Jacobi identity and Proposition 2.3 (c). 

Let us now verify (A.12). As the two cases are analogous, we focus on one of them and 
estimate the corresponding expression as follows. 

\\P E [Q-,T,F + (h T )}P E \\< [ dtdhhT(t)h T (ti) I dx||[L*L(t,a;),F(ti,ti)]||. (A.13) 

J JR_ 

Since L*L and F are almost local, we can find sequences C r ,F r G 2l(0 r ), s.t. for any n G N 



there exist C n ,C' n s.t. 

\\L*L-C r \\<—, \\F-F r \\ < (A.14) 

We choose r = {\ + \\x\) e + T e , where < e < 1 appeared in the definition of hr- We write 

[(L*L)(t,a!),F(ti,ti)] = [(L*L-C r )(t,aj),F(ti,ti)] 

+ [C r (t,aj),(F-F r )(ti,ti)] 
+ [C r (t,aj),F r (ti,ti)]. (A.15) 

By estimates (A.14), the first two terms on the r.h.s. above give contributions to (A.13) 
which tend to zero in the limit T — > oo. The contribution of the last term can be estimated 
as follows, exploiting locality, 

dtdtihr(t)hr(ti) / da;||[C r (t, a;), i^ r (*i, *i)] || 

< c / dtdtn h T {t)h T {ti) I dxx{\x ~h\<\t-ti\ + 2r), (A.16) 

where x is the characteristic function of the respective set and c is a constant independent 
of T. Let us now derive some inequalities which hold on the support of the integrand on 
the r.h.s. of (A.16). First, we note that t,t\ G supp/iy, if and only if t,t\ G T e supp/i + T, 
in particular \t — t\\ < c\T e for some c\ > 0. Exploiting this fact, the inequality \x — ti| < 
\t — t\\ + 2r and the relation r = (1 + ||£c|) e + T e , we find such C2 > that |a?| < C2T 
and r < C2T £ , in particular the r.h.s. of (A.16) is finite for any T > 1. Making use of the 
inequalities r < C2T £ and \x — t\\ < \t — t\\ + 2r, and of the fact that t,t\ G supp/iy, we 
obtain that \x — T\ < c%T £ for some C3 > which implies that x > for sufficiently large 
T. As the region of integration in the x variable is restricted to R_, we conclude that the 
r.h.s. of (A.16) is zero for such T. □ 

Proof of Theorem 2.11: Let Qt = f dth T (t) f dx (L*L)(t,x), where L = YIk=i A k B k 
is an element of the left ideal C, are almost local and G Cq. Moreover, we choose 
$ = (jjout ^ ^ <j)Out an d y> = ^\F{)^\F^)n, where F 1/2 ,F{ /2 G 21 are almost 

local and have compact energy-momentum transfer. Since ^ and are vectors of bounded 
energy, we can write 

(^\Q T ^ t (F 1 )^ out (F 2 )n) = (^'\[[Q T , $° ut (Fi)], $° ut (F 2 )]$7) 

+ (V|$° ut (F 2 )Q T $° ut (F 1 )0) 
+ (V|$° ut (Fi)Q T $° ut (F 2 )0). (A.17) 
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The term with the double commutator above vanishes as T — > oo due to Lemma A. 3. The 
second term on the r.h.s. of relation (A. 17) is treated as follows: 

lim (^ / |$ out (F 2 )Q T $° ut (Fi)f]) 

T— >oo 



= Yim (V|$° ut (F 2 ) J h T {t)e iHt j dx (L*L)(a ; )e- iPt $° ut (F 1 )^) 

= lim |$° ut (F 2 ) y h T {t)e l(H - p)t J ^(L*L)(a;)$° ut (Fi)^) 

= (V|$ out (F 2 )P + y da;(L*L)(a;)$; ut ( J Fi)0), (A.18) 

where in the first step we made use of the fact that ^^(.Fi)^ = P+'I^^.Fi)^, in the second 
step we exploited the invariance of f dx (L*L)(x) under translations in space and in the last 
step we made use of the mean ergodic theorem as in the proof of Lemma 1 of [5]. Next, we 
obtain 

($° ut (^)$° ut (i^)0|$° ut (F 2 )P+ J dx (L*L)(a;)$° ut (Fi)0) 

= ($ out (F 2 )*$ out (^)^|$° ut (F0*P+y dx (L*L)(;c)$° ut (Fi)ft) 

= (ft|$° ut (^)*$° ut (F 2 )ft) (f}|$° ut (F{)*y dx (L*L)(;c)$° ut (Fi)f}), (A.19) 

where we made use of the facts that [$^ ut (Fi), $° ut (F 2 )] = and that U+/CQ, is orthogonal 
to ~H-/CQ (as in the proof of Lemma 4 (a) of [5]). The last term on the r.h.s. of (A. 17) is 
treated analogously. 

We note that any ^± G PeH± can be approximated by a sequence of vectors of the form 
P±F n Q, where F n 6 21 are quasilocal and have energy- momentum transfers in some fixed 

out 

compact set. Hence, any ^ = ^ + x has bounded energy. By the above considerations 

out out 

and Theorem 2.9, we obtain for any ^ = ^ + x = *' + x ^±,^± G PeH±, 

lim (*'|Q T *) = (*'+!*+) [ dx(*'_\(L*L)(x)V-) 

+ (*'_|*_) y da: (*' + |(L*L) (A.20) 
Now in view of Lemma A. 2, any ^ G PeH ^ has the form 

Eout 
Cm,ne+,m x e_„, (A.21) 

m,n 

where {e± )m }^ =0 are orthonormal systems in {Pe7~L±\, which we choose so that e± ; o = 
Defining 

^+,n = ^ ] Cm,»6+,m] ^I 7 — ,n = ^ ] C|t,m6-,mi (A. 22) 

m m, 

we obtain p±,*(-) = ^ n (*±,nl " *±,n)- Relation (A.20) gives 

lim (*|Q T *) = / dx(p +) * + p-,*)((L*L)(a;)). (A.23) 
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Exploiting the Cauchy-Schwarz inequality and the following bounds, valid for L = AB, 
A € 21, B g C , 

|(*|Qr*)| < \\Pe J dx(B*B){x)P E \\\\A*A\\, (A.24) 

J dx(p +>9 + p-v)((L*L){x)) < 2\\P E J dx(B*B)(x)P E \\\\A*A\\, (A.25) 

one extends (A. 23) to any L G C. Now formula (2.36) follows by a polarization argument. 

Let us now show that ip^ = only if G Cfi. By the above considerations we obtain, 
for any B G Co, 

^(B,B) = J2 I dx{(V-, n \(B*B)(x)y- :n ) + (y + , n \(B*B)(x)y + , n )}. (A.26) 

If = 0, then B^± n = for each n and any such B. Thus, by Lemma A.l (a), iff± n are 
proportional to Q. Using definitions (A. 21), (A. 22) and the convention e± t o = Q, it is easily 
seen that ^ is proportional to fl. □ 



B Proofs of Lemmas 3.7 and 3.8 

Proof of Lemma 3.7: As for the main part of the lemma, it suffices to show that the 
spectrum of V^dd coincides with R + . It follows from the assumption AdIU 7^ id and the 
Reeh-Schlieder property of the net (A,V) that A d&{Z) / {0} and /C Q dd = [A}dd(20^o] for 
any open, bounded subset Id. Let P{ ■ ) be the spectral measure of V and suppose that 
P(A)/C Q dd = {0} for some open subset A C R+. We fix a non-zero A G A dd(Z)- Then, for 
any B G Ail) the distribution 

(n \[B,A(u)}n ) = -L / dte- iut (n \[B,p t (A)]n ) (b.i) 

V 27T J 

is supported outside of AU — A. Since, by locality, this distribution is a holomorphic function, 
it must be zero for all u> G M. Thus for any / G S(M) s.t. / is supported in the interior 
of R + we obtain (n \BA(f)n ) = (n \Bf(T)An ) = 0. Here T > is the generator of V, 
A(f) = f dt /3t(A)f(t) and we made use of the fact that A(f)*flo = 0, due to the support 
property of / and the spectrum condition. Approximating the characteristic function of the 
interior of R + with such / and making use of the fact that (f2o|^4^o) = 0, we conclude 
that AClo = and hence, by the Reeh-Schlieder property A = 0, which contradicts our 
assumption. Consequently, P(A)/C Q dd / {0} for any open subset A of R + , which means 
that the spectrum of V m coincides with R + . 

This fact can also be proven as follows: The representation of translations V can be 
extended to a representation of the ax + b group thanks to the Borchers theorem [27]. There 
is only one non-trivial, irreducible representation of this group which has positive energy [38] 
and its spectrum of translations is R+. Since /C Q dd does not contain non-trivial invariant 
vectors of V , the spectrum of U|^: odd coincides with R + . 

Let us now proceed to part (a) of the lemma. To show the irreducibility of 7r dd, it suffices 
to check that any vector ^ G /C Q dd is cyclic under the action of 7r dd(A:v)- By contradiction, 
we suppose that there is Vl/' G /C Q dd s -t- (vJ/'l-AlP) = for any A G A cv . But this implies 
that (ty'\Bfy) = for any B G A, which contradicts the irreducibility of the action of A on 
/C. Next we verify the faithfulness of 7r dd restricted to a local algebra. Let A G A ev (I) be 
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a positive local element which is zero upon restriction to /C Q dd- For any local odd element 
B G Ajdd(3) and for sufficiently large s we obtain 

= (Sl\p a (B*)Ap s (B)Sl) = {n\p s {B*B)AQ) -»• (Sl\B*Bn) ■ (Q\ASl), (B.2) 

where in the last step we took the limit s — > oo. By the Reeh-Schlieder property it follows 
that A = 0. This implies that 7r Q dd is faithful on A e y(T) by Proposition 2.3.3 (3) of [17]. 
Now the faithfulness of 7r Q dd on the quasilocal algebra A cv follows from Proposition 2.3.3 (2) 
of [17], which says that 7r dd is faithful, if and only if ||7r dd(^4)|| = \\A\\ for any A G ^lev- 
Local normality of 7r Q dd is obvious, since 7r dd acts by the restriction to a subspace. Indeed, 
making use of Lemma 2.4.19 from [17] and of the fact that 7r dd preserves the norm, it is easy 
to check that l.u.b.7r dd(A*) = 7T dd(l- u -b- A a ), where l.u.b denotes the least upper bound 
and {^ojagi is a uniformly bounded increasing net of positive operators from some A ev (I). 
Part (b) of the lemma follows from the uniqueness of the invariant vector of V. □ 

Proof of Lemma 3.8: We know from Lemma 3.7 that „4 ev ^ CI, since it can be irreducibly 
represented on the infinite dimensional Hilbcrt space /C Q dd- Consequently, we can find a non- 
zero A e A CV (I), for some open, bounded T, s.t. ($7o|^4^o) = 0. Proceeding identically as in 
the proof of the main part of Lemma 3.7, we conclude that the spectrum of V cv coincides with 
R+. Part (b) follows trivially from the fact that the net (A, V) is in a vacuum representation. 
Irreducibility in part (a) follows from part (b). The remaining part of the statement is proven 
analogously as the corresponding part of Lemma 3.7. □ 
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